Abstract -In this paper we investigate two iterative methods for solving one problem of nonlinear optics. The main goal is not only to find a stationary solution but also to investigate its stability. It is shown that both methods have very different stability properties and the less stable algorithm is close to the approximation of the physically important non-stationary problem. We also propose a new iterative algorithm for solving a more complicated problem which describes the optical conjugation in stimulated Brillouin backscattering with pump depletion. This algorithm is based on a symmetrical splitting scheme and the nonlinear interaction is approximated by using the special mass conservation property of the discrete problem. Thus, we obtain a conservative iterative algorithm. The results of the numerical experiments are presented and they confirm our theoretical conclusions.
Introduction
In many applications we are interested in getting information about the stationary state of the process. So we solve stationary mathematical problems, which are obtained from the initially non-stationary mathematical models by dropping (equating to zero) the terms depending on time derivatives. Usually some iterative method is used to solve a stationary problem and most iterative algorithms can be considered as discrete approximations of some non-stationary problem. Iterative algorithms and finite difference schemes for solution of non-stationary PDEs are very similar. The main difference between them is that iterative algorithms do not approximate the solution at the intermediate time moments and our primary goal is to reach a steady state of the solution as soon as possible, i.e. with a minimal number of iterations.
It was noted in [5] that the selection of a proper iterative algorithm can help us not only find a stationary solution of the mathematical model but also get important information on the stability of the obtained solution. For any model it is always useful to know the ranges of parameter values where stable stationary solutions are possible and where they are impossible. For example, the dynamics of semiconductor laser models was investigated in [21] , the evolution of various biological systems was studied in the famous Murray's book [18] . A good review on the asymptotical stability analysis of nonlinear ODEs was given by Jordan and Smith [11] . New results on the stability of nonlinear time-dependent discrete problems with respect to initial conditions were obtained by Matus [15] .
Various types of stability can be investigated, e.g., linear stability, asymptotical stability, nonlinear stability in the neighborhood of the steady-state solution. Such an analysis can be performed analytically only in exceptional cases. Hence the need arises to develop numerical methods which will enable us not only to find a solution but also get information on its stability.
As an example, let us consider a discrete elliptic problem
where A j U approximates the second order derivatives of the 3D Poisson problem (here we use the well-known notations of the finite differences, see [20] and definitions given below). Let λ j be the eigenvalues of A j , then the solution of (1) is stable if
In order to find the solution of (1), we construct an iterative algorithm, which is obtained by using the stability-correction scheme [10, 14] 
It has been proved in [10, 14] that the iterative sequence U n generated by (2) converges if λ j < 0, j = 1, 2, 3. Thus, after finding an approximate solution of (1) we also get a proof that this solution is stable.
Thus, we try to find such iterative algorithms for which the convergence region coincides with the region of stability of stationary solutions. It is important to note, that in the case of no convergence we can draw the conclusion that the stationary linear problem has no stable solution.
This paper is organized as follows. In Section 2, we formulate the stationary Brillouin scattering problem and define its finite-difference approximation. In Section 3, we formulate and investigate two iterative algorithms based on discrete approximations of two nonstationary problems. The first one is obtained by introducing parabolic type nonstationary terms. It is proved that the obtained solution is non-conditionally stable with respect to such an approximation. The second nonstationary problem describes one important mathematical model of the nonlinear Brillouin scattering process. It is proved that the stationary solution is stable with respect to this model only for sufficiently small values of the coefficient describing the intensity of the nonlinear interaction. In Section 4, we propose a new iterative algorithm for solving a phase-conjugation problem. It is proved that the algorithm is conservative and some results of the numerical experiments are presented. Finally, some conclusions are given in Section 5.
Brillouin scattering problem
Stimulated Brillouin scattering (SBS) pulse compressors are widely used for developing powerful laser systems. One simple mathematical model describing this complicated phenomenon is given by the following system of ordinary differential equations [2, 19] :
where u, v are complex amplitudes of the laser and the Stokes waves, respectively. Multiplying the first equation by u * (z) and the second equation by v * (z) and taking the real parts of the obtained equalities, we prove the following conservation laws:
Finite-difference scheme
Let ω h and ω τ be uniform partitions of space and time intervals [0, L] and [0, T ], respectively:
The finite-difference method gives approximations U j , V j to the solution of the differential problem at discrete grid points. The finite-difference scheme is given by
It is easy to see that the truncation error of the difference scheme is of order O(h 2 ). Multiplying the first equation by (U j + U j−1 )
* and the second equation by (V j + V j−1 ) * and taking the real parts of the obtained equalities, we get the discrete conservation laws
Thus, the equations of system (4) can be decoupled and linearized, and the solution is given in the explicit form
Iterative algorithm
It has been shown above that system (4) has a unique solution, which can be obtained in explicit form. Nevertheless we will solve this system, using two different iterative algorithms, and show that the unique stationary solution has different stability properties with respect to these two iterative algorithms.
Parabolic model
First we consider the following nonstationary mathematical model:
where the "parabolic" nonstationary terms lead to the introduction of space advection of the counter-propagating laser and Stokes beams. It follows directly from the differential model that if a stationary solution exists, it coincides with the solution of problem (3). Let us denote the discrete functions U
We approximate the differential model by the following finite-difference scheme:
Lemma 3.1. The finite-difference scheme (6) is conservative, i.e., its solution satisfies the following equalities:
Proof. It is sufficient to multiply the first equation of (6) * and take the real parts of the obtained equalities.
Using this result, we can investigate the stability of the stationary solution.
Theorem 3.1. For any initial condition the solution of the iterative method (6) converges unconditionally to the stationary solution of the finite-difference scheme (4).
Proof. It follows from Lemma 3.1 that for any t n > L we obtain
Thus, the equations of system (6) can be decoupled and they coincide with the equations of the stationary problem (4). Therefore, for t n > L we have the equalities
Thus, the solution of the stationary problem (4) is globally unconditionally stable with respect to the nonstationary problem (6).
Nonstationary SBS problem
In this section, we consider another nonstationary SBS problem [19] 
where ρ describes the variance of the density about its mean value ρ 0 . Again, it follows from the model that the stationary solution of (7) coincides with the solution of problem (3) . But this nonstationary mathematical model also describes the real physical process, so it defines the special stability property of obtained solutions. It is important to note that this new stability definition can be different from the one given by problem (5).
We approximate problem (7) by the following finite-difference scheme (iterative algorithm):
where the special approximation of the right-hand side of the differential equations guarantees that the stationary solution of (8) coincides with the solution of the discrete problem (4). In [19] , the investigation is carried out for a differential system of equations, linearized with respect to the stationary solutions. It is shown that there exist non-stable modes with eigenvalues Re λ > 0 and, therefore, the stationary solution is not unconditionally stable.
Numerical results Now we present the results of the numerical experiments where the dynamics of the whole nonlinear system (8) is investigated. This investigation confirms the results of the linear analysis: for some value of γ > γ 0 the stationary solution of (4) becomes unstable and evolves from a stable state to a chaotic state as the nonlinear interaction intensity γ is increased following the period-doubling route. Figure 1 illustrates some solutions of the discrete problem (8) for various values of γ. For sufficiently small parameters γ we have stable stationary solutions (see Fig. 1a, b) . At γ ≈ 3 the first bifurcation to a periodic solution occurs (Fig. 1c) . Then for increased γ the solution exhibits bifurcations to high periodic solutions (Fig. 1d) , eventually leading to chaos (see Fig. 2 ). 
Phase-conjugation problem
In this section, we consider a more complicated problem which describes the optical phase conjugation in stimulated Brillouin scattering (SBS) with pump depletion. Under steadystate conditions the complex pump and backscattering amplitudes u(r, z) and v(r, z) satisfy the following system of equations given in
with appropriate boundary conditions
Here k is the magnitude of the propagation vectors (assumed equal for both vectors), r is the transverse coordinate, and g is the coupling coefficient of the Brillouin medium. The numerical solution of (9) is a nontrivial problem, because the initial conditions for the two coupled functions u(z, r), v(z, r) are defined on opposite sides of the region 0 z L. Problem (9) is solved numerically in [3, 7, 12, 23] and the results of the numerical experiments are given for some values of the parameters. Analysis of a few iterative methods is presented in [6] . It is shown that the existing iterative algorithms are appropriate for solving (9) only for a restricted region of parameters and the development of more general iterative methods, which converge for the case of focused laser beams, is a demanding task.
The phase conjugation mirrors are desribed in [8] . A nonstationary model for diffraction limited multimode fiber amplifiers in stimulated Brillouin scattering phase conjugation was investigated by Moore [16] , Moore and Boyd [17] . Numerical simulation of a transient threedimensional model of SBS-mirror lasers is presented in [1, 22] . In all these papers a transient process was investigated and no attempt was made to find a stationary solution and study its stability.
The following conservation law holds for the solution of (9):
where the norm is defined as
This conservation law defines an important property of the solution, and our goal is to preserve it also for the discrete solution. Such schemes are called conservative schemes [13, 20] .
Finite-difference scheme
Let ω r be a uniform grid
In this section, we consider a nonuniform grid ω h
Let us define the grid functions
We approximate the diffraction operator by the following discrete operator [20] :
Then we present the finite difference scheme, which approximates the nonlinear problem (9) . Let us define the approximate solution obtained after the s-th iteration as
The system of differential equations is approximated by using a symmetric splitting scheme (see also [4, 14] , where the analysis of the accuracy of symmetric splitting schemes is performed for linear parabolic and Schrödinger type problems).
The Splitting Scheme
Approximation of the laser equation
L2. Nonlinear interaction
L3. Diffraction semi-step
Approximation of the Stokes equation S1. Diffraction semi-step
S3. Diffraction semi-step
The space steps h n are defined adaptively, taking into account the intensity of the nonlinear interaction. It is known that the optimal strategy for the selection of h n is to equidistribute the local contributions of the nonlinear interaction measures (see, e.g., [9] ).
Numerical results
In order to get boundary conditions in (9) for which a steady-state solution exists (may be not unique), we solve an auxiliary initial value problem using the same splitting scheme, but with initial conditions U
The quality of phase conjugation is estimated by using the correlation function H, which is defined as
A good quality of the phase conjugated beam means that H ≈ 1. The initial condition for the backscattering wave is defined by a random beam given in the following form:
where L j (r, f ) are the Laguerre-Gauss functions.
The results of the computational experiments show that the stability of the solution of problem (9) depends on the value of the coupling coefficient g and the number of modes presented in (10) . If P = 0, then the solution is stable for any values of the parameter g. For P > 0 the exact solution (which is obtained by solving the initial value problem) remains stable only for small values of g. A further increase in g exhibits bifurcation to a different stable solution and the quality of the phase conjugation of the beam is improved monotonically for increased values of the coupling coefficient g. In all cases, the proposed iterative algorithm converged and the number of iterations varied from 32 to 53. As the initial approximation, we used the zero valued vectors, thus a further improvement can be achieved by taking, as the initial approximation, the solution obtained for the previous value of the coupling coefficient g.
Conclusions
In this paper, we have investigated two iterative algorithms for solving the stationary Brillouin scattering problem. It has been proved that the stability properties of the stationary solution are different for both algorithms. The first one is obtained by introducing parabolic type nonstationary terms and the obtained solution is unconditionally stable with respect to such an approximation. The second nonstationary problem describes one important mathematical model of the nonlinear Brillouin scattering process. It has been proved that the stationary solution is stable with respect to this model only for sufficiently small nonlinear interactions of the laser beams. We also propose a new iterative algorithm for solving phase-conjugation problem. Two counter-propagating laser beams interact in a nonlinear media and the pump depletion is taken into account. The main feature of the proposed iterative algorithm is that it is conservative. Some results of numerical experiments illustrating the efficiency of the new algorithm are presented.
